There are three kinds of regular polyhedral groups, the tetrahedral, octahedral and icosahedral groups. Take one of them and write it, say G. Let M be the corresponding regular polyhedra and let p, q, r be the number of vertices of M, that of edges and that of faces, respectively. Then there is a reflection group W of rank four with the condition: the degrees of basic invariants coincide with 2, p, q, r . The first purpose of this paper is to show a relationship among the invariants of W and those of G. The second one is to introduce a system of equations of reflection group W and to give its solutions by reducing it to the homogenization of polyhedral equations for G introduced by Klein.
Introduction
We start this paper with showing a correspondence between the set of regular polyhedra and that of certain reflection groups of rank 4.
Let M be a regular polyhedron and let p, q, r be the number of vertices, that of edges and that of faces, respectively. (There are two other regular polyhedra, the cube (dual to the regular octahedron) and the regular dodecahedron (dual to the regular icosahedron). Since it is not necessary for our purpose to distinguish mutually dual polyhedra, we frequently treat one of two dual polyhedra and do not refer to the other in the argument below.) On the other hand, let W be one of the reflection groups W (D 4 ), W (F 4 ), W (H 4 ). Let R j ( j = 1, 2, 3, 4) be basic W -invariant polynomials and put d j = deg R j ( j = 1, 2, 3, 4) . From the two tables above, we observe that the triple ( p, q, r ) coincides with (d 2 , d 4 , d 3 ) in case of the tetrahedron and W (D 4 ), the octahedron and W (F 4 ) and the icosahedron and W (H 4 ), respectively. This observation is based on the study on the monodromy groups of Appell's hypergeometric function F 4 (α, β, γ, γ ; x, y) [3, 4] .
The first purpose of this paper is to show a result which is related with the observation above. Let W be the reflection group whose type is one of D 4 , F 4 , H 4 . Then there are basic W -invariant polynomials R j (x) ( j = 1, 2, 3, 4) of degrees d j ( j = 1, 2, 3, 4) 4 ) such that for each j , there is a polynomial Q j (x) with the condition that R j (x) − Q j (x)R 1 (x) is decomposed into linear factors. (Precise statements are given in Eqs. (4)-(6) and Theorem 4.) There are five kinds of irreducible reflection groups of rank four. But a statement similar to Theorem 4 is not true for the cases A 4 , B 4 .
The second purpose of this paper is to study equations of reflection groups of types D 4 , F 4 , H 4 . The equations of regular polyhedra are introduced and studied in Klein [5, Part I, Chapter 5] . The homogenization of the equations for the tetrahedron and the cube are discussed in [1, pp. 150-161] . The tetrahedral case discussed there is related with ternary self-dual codes [1, p. 150 ] and the octahedral (=the cube) case is with binary codes [1, p. 72 ]. The icosahedral case is also discussed in [1] , but the formulation given in [1, pp. 161-166] , is not the same as that in [5] . It is fortunately possible to treat the icosahedral case along the same line of the argument as those of the tetrahedral case and the cube case, going back to Klein's book [5, Part I, Chapter 5] (cf. [2, 8] ). In Section 4, with the help of the properties of the basic invariant polynomials of the reflection groups of types D 4 , F 4 , H 4 mentioned above, we introduce equations of reflection groups of types D 4 , F 4 , H 4 and give their solutions by reducing these to the homogenization of polyhedral equations.
Preliminaries on regular polyhedral groups
In this section, we introduce invariants of regular polyhedral groups. Let M be a regular polyhedron and let G M be the regular polyhedral group attached with M. (If M is a regular tetrahedron (resp. a regular octahedron, a regular icosahedron, we write M = T (resp. O, I ).) By definition, all the vertices of M lie on a sphere S 2 . Since S 2 is naturally identified with the complex projective line P 1 (C), M lives on it.
Let e M , f M , k M be homogeneous polynomials of z 1 , z 2 whose zeros are the vertices, the centers of the faces, the mid points of the edges of M, respectively by regarding (z 1 : z 2 ) as a homogeneous coordinate of P 1 (C). If p, q, r are the numbers given in the introduction, then
for some complex numbers a j , a j , b j , b j , c j , c j . There is an algebraic relation among e M , f M , k M . The concrete forms of e M , f M , k M and an algebraic relation among them are given as follows:
The case of the tetrahedron (cf. [1, p. 158 ])
The case of the octahedron (cf. [5, p. 54 ])
The case of the icosahedron (cf. [5, p. 56 ])
Irreducible reflection groups of rank four and regular polyhedral groups
In this section, we first introduce basic W -invariant polynomials and then show the main result on the decomposition of invariants into linear factors on the invariant quadric.
Let W be a reflection group acting on a 4-dimensional real vector space V = R 4 with an inner product ·, · . We may take e 1 = (1, 0, 0, 0), e 2 = (0, 1, 0, 0), e 3 = (0, 0, 1, 0), e 4 = (0, 0, 0, 1)
as an orthonormal basis of V . As a coordinate of V , we take (x 1 , x 2 , x 3 , x 4 ).
The case D 4
Let
be vectors of V and let s j be the reflection on V with respect to α j ( j = 1, 2, 3, 4). Then the group generated by s 1 , s 2 , s 3 , s 4 is the reflection group W (D 4 ) of type D 4 . In this case, the ring of W (D 4 )-invariant polynomials is generated by
where ω = e 2πi/3 . Write as P D 4 , j (u) the polynomial of u under the substitution (2) of x by u in R D 4 , j (x) ( j = 1, 2, 3, 4). Then, in particular, it follows that
.
We now write
for some complex numbers a j , a j , b j , b j , c j , c j as in (1) . Then
This implies that there is a polynomial
Similarly there are polynomials Q T , 3 
and that
The case F 4
be vectors of V and let s j be the reflection on V with respect to α j ( j = 1, 2, 3, 4). Then the group generated by
It is shown in [9] that the ring of W (F 4 )-invariant polynomials is generated by
Remark 1. Runge [6] uses polynomials P 2 , P 6 , P 8 , P 12 as a system of generators of the ring of W (F 4 )-invariants. The relations between P j ( j = 1, 2, 3, 4) and R F 4 , j ( j = 1, 2, 3, 4) are
Write as P F 4 , j (u) the polynomial of u under the substitution (7) of x by u in R F 4 , j (x) ( j = 1, 2, 3, 4). Then, in particular, it follows that
Theorem 2. The following relations hold.
This theorem follows from the concrete forms of R F 4 , j ( j = 1, 2, 3, 4) and e O , f O , k O .
The case H 4
)/2 and let s j be the reflection on V with respect to α j ( j = 1, 2, 3, 4). Then we have
It follows that the group generated by s 1 (In the above, Rj means R H 4 , j (x) for j = 1, 2, 3, 4.) Remark 2. We note here that the generators of the ring of W (H 4 )-invariant polynomials were given in [9] and [7] . But the concrete forms of the invariants of degrees 12 and 30 there are not correct. Now introduce variables (u 1 , u 2 , u 3 , u 4 ) by the relations (7) as in the F 4 case. Write as P H 4 , j (u) the polynomial of u under the substitution (7) of x by u in R H 4 , j (x) ( j = 1, 2, 3, 4). Then, in particular, it follows that
Theorem 3. Let ξ 1 , ξ 2 be linear forms of z 1 , z 2 defined by
Similarly, let η 1 , η 2 be linear forms of w 1 , w 2 defined by
Then
for some non-zero constants c 1 , c 2 , c 3 .
By an argument similar to obtaining (4)-(6), we can prove the following from Theorems 2 and 3. Remark 3. Theorems 1-3 are related to the following facts (see [3] and [4] ).
Let ϕ 1 (x), ϕ 2 (x) be a fundamental system of solutions of the Gauss hypergeometric differential equations E(a, b; c):
be the branched double covering of C 2 onto C 2 . Then (a multi-valued function 4 (a, b, c, c ) , 4 (a, b, c, c ) is the system of differential equations for Appell's hypergeometric function F 4 defined by
The singular locus of E 4 is the union of C = {(X − Y ) 2 − 2(X + Y ) + 1 = 0}, L X = {X = 0}, L Y = {Y = 0} and the line at infinity L ∞ . Let γ be a loop surrounding C once starting and ending at φ( , 1 − ) for some positive small number . Then one piece of the pull back φ * (γ ) is a curve starting at ( , 1 − ) and ending at (1 − , ) . This implies that the analytic continuation γ 4 (a, b, c, c ) containing γ * . We can prove, by the same way as in [4] , that M(a, b; c) is a tetrahedral or octahedral or icosahedral group. Now we consider N C -invariant polynomials. First the quadratic polynomial
is easily verified N C -invariant. We have P 2 (v i j (X, Y )) = 0. Assume that E(a, b; c) has a finite irreducible monodromy group M (a, b; c) and let I k (ϕ 0 , ϕ 1 ) be a semi-invariant form of degree k under the action of M (a, b; c). Take any homogeneous polynomial
, which is a semi-invariant function under the action of M 4 (a, b, c, c ) and is γ * -invariant. Thus P k (v i j (X, Y )) is an N C -invariant function on C 2 , although P k (v i j ) is not necessarily an N C -invariant polynomial. Theorems 1-3 assert that we can choose a polynomial Q(v i j ) of degree k − 2 such that P k := P + P 2 Q is an N C -invariant polynomial of degree k satisfying 
. Then at least one of R j (x) ( j = 2, 3, 4) is not decomposed into linear factors mod R 1 (x) for any choice of generators R j (x) ( j = 1, 2, 3, 4).
Equations for the reflection groups of types D 4 , F 4 , H 4
In this section, applying the results of Section 3, we will solve equations related to reflection groups of types D 4 , F 4 , H 4 . We first recall the results discussed in [1] and then introduce the equations for reflection groups of types D 4 , F 4 , H 4 following the arguments in [1, pp.142-153] .
Let E 2k (τ ) be the normalized Eisenstein series of degree 2k, where q = e 2πiτ with τ ∈ H + and H + is the upper half plane. In particular,
The case of the tetrahedron and type D 4
This case is connected with ternary self-dual codes (cf. [1, p. 150] ). Put
Then the following relations are shown in [1, p. 158 
Theorem 5. Consider the equations for u = (u 1 , u 2 , u 3 , u 4 ):
where P D 4 , j (u) ( j = 1, 2, 3, 4) are basic W (D 4 )-invariants introduced in Section 3. Then (11) has a solution    
This theorem is a consequence of (10) and Theorem 1.
The case of the octahedron and type F 4
This case is related with binary codes [1, p. 72 ]. Put
Then the following relations are shown in [1, pp. 159-161] :
(13) Theorem 6. Consider the equations for u = (u 1 ,
where P F 4 
This theorem is a consequence of (13) and Theorem 2.
The case of the icosahedron and type H 4
The case of the icosahedron is also discussed in [1] , but the direction of the argument given in pp.161-166 is not the same as those of the cases of the tetrahedron and the octahedron. Going back to Klein's book [5, Part I, Chapter 5], we obtain the following result similar to the cases of the tetrahedron and the octahedron (cf. (10) and (13)). 
where P H 4 , j (u) ( j = 1, 2, 3, 4) are basic W (H 4 )-invariants and c 1 , c 2 , c 3 are constants introduced in Section 3. Then (17) has a solution        u 1 = t 1 (α 1 (τ 1 ), α 2 (τ 1 ))t 1 (α 1 (τ 2 ), α 2 (τ 2 )), u 2 = t 1 (α 1 (τ 1 ), α 2 (τ 1 ))t 2 (α 1 (τ 2 ), α 2 (τ 2 )), u 3 = t 2 (α 1 (τ 1 ), α 2 (τ 1 ))t 1 (α 1 (τ 2 ), α 2 (τ 2 )), u 4 = t 2 (α 1 (τ 1 ), α 2 (τ 1 ))t 2 (α 1 (τ 2 ), α 2 (τ 2 )),
where t 1 (ξ 1 , ξ 2 ) = 1 σ 2 + 1 (ξ 1 − σ ξ 2 ), t 2 (ξ 1 , ξ 2 ) = 1 σ 2 + 1 (σ ξ 1 + ξ 2 ), and σ = 1 2 (−1 − √ 5 + 2(5 + √ 5)).
This theorem is a consequence of (16) and Theorem 3.
